Abstract. We show that for all sufficiently large integers n, a positive fraction of the primes p between 2 n−1 and 2 n have the property that p − 2 i and p + 2 i are composite for every 0 ≤ i < n − 1. As a consequence, it is not possible to test whether a number is prime from its binary expansion without reading all of its digits.
Introduction
The objective of this note is to establish Theorem 1.1. For all sufficiently large integers n, there exists a prime p between 2 n−1 and 2 n such that the integers p − 2 i and p + 2 i are composite for every 0 ≤ i < n − 1.
We remark that primes p of the above form are initially rather rare; the first few primes of this form are 1973, 3181, 3967, 4889, 8363, 8923, 11437, 12517, 14489, . . . .
As an immediate corollary, we see that if we are given an n-digit number in binary form for sufficiently large n, it is not possible to determine with absolute certainty whether it is prime or not without inspecting all of the digits in the binary expansion. In particular, any deterministic primality tester must require computational time at least logarithmic in the size of the number being tested, if that number is represented in binary. For comparison, it was shown in [1, Theorem 6] that any recursive algorithm which can decide the primality of an n-bit integer using the operations =, <, +, −, 2·, Standard heuristics arising from the Hardy-Littlewood prime tuples conjecture [2] leads one to expect that for randomly chosen primes p between 2 n−1 and 2 n , and randomly chosen 0 ≤ i < n − 1, that p − 2 i and p + 2 i should be prime with probability comparable to Π2 n log 2 each, where Π 2 := 2 p>2 (1 − 1 (p−1) 2 ) = 1.23 . . . . In particular, the expected number of primes amongst the set {p±2 i : 0 ≤ i < n−1} is slightly larger than 1, which defeats a naive "first moment method" approach to solving Theorem 1.1. Fortunately, some elementary sieving involving a finite number of primes q p of Mersenne type (i.e. primes in which 2 has unexpectedly small multiplicative order) allows us to overcome this difficulty, and one can use standard sieve theory upper bounds in place of the (still unproven) prime tuples conjecture.
The author is supported by NSF grant CCF-0649473 and a grant from the MacArthur Foundation. The author is indebted to Yiannis Moschovakis for suggesting this question.
Proof of Theorem 1.1
For each prime p, let q p be the largest prime factor of 2 p − 1; thus q 2 = 3, q 3 = 7, q 5 = 31, q 7 = 127, q 11 = 89, etc. Then the multiplicative order of 2 mod q p is p. This implies in particular that the q p are distinct for each p, and by Fermat's little theorem we also see that p divides q p − 1. In particular we have the crude bound
for all p > 2. If p is not a Sophie Germain prime (i.e. if 2p + 1 is not prime), then we can improve this to
(Presumably better bounds are available, but for our purposes any bound which demonstrates that q p exceeds p by a multiplicative constant of our choosing will suffice.)
Let P be a finite set of primes which are not Sophie Germain primes to be chosen later, and let W be the quantity
Let n be an integer, which we assume to be sufficiently large depending on P. We use the asymptotic notation o(1) to denote any quantity that goes to zero as n → ∞ (with P fixed), and similarly X ≪ Y or X = O(Y ) to denote the estimate X ≤ CY for some C independent of P and n, and for all n sufficiently large depending on P. We also write
By a simple greedy argument, we may partition P = P + ∪ P − in such a way that
By the Chinese remainder theorem, we can find b coprime to W such that b = −1 mod q p for p ∈ P + and b = +1 mod q p for p ∈ P − . We henceforth fix P + , P − , and b.
Our task is to show that the quantity
is non-zero. We can clearly bound (3) from below by
which is in turn bounded from below by
where
By the prime number theorem in arithmetic progressions (see e.g. [6, Corollary 11 .17]) we have
is the Euler totient function of W . (More precise asymptotics for Q n are available, but we will not need them here.)
Now consider the sum
Observe that if i = 0 mod p for any p ∈ P + , then m + 2 i is divisible by q p , and thus will not be prime if n is sufficiently large depending on P. Thus we may restrict attention to those 0 ≤ i < n − 1 such that i = 0 mod p for every p ∈ P + . By the Chinese remainder theorem, we see that the number of such i is O(n p∈P + (1 − 1 p )). On the other hand, by Corollary A.3 below we see that
wheneverf i is of this form. From this and (2) we thus conclude that
A similar analysis (using the observation that m − 2 i is divisible by q p whenever i = 0 mod p for some p ∈ P − ) gives
Putting this all together, we see that (3) is bounded from below by
But from (1) we see that (1−
for some absolute constant c > 0 (independent of P). Thus we have
Now, by Euler's theorem, the sum of reciprocals of primes 1 p diverges, while from Brun's theorem for the Sophie Germain primes (see Corollary A.2 below) we know that the sum of reciprocals of the Sophie Germain primes converges. Thus one can make p∈P 1 p larger than any fixed constant by choosing P large enough 1 . So one can therefore make the right-hand side of (4) positive, and the claim follows.
Remarks
The above argument in fact shows that a positive proportion of primes between 2 n−1 and 2 n obey the property in Theorem 1.1. From this, we conclude that any primality tester which does not read all of the bits of the binary expansion of an n-bit number, must have a number of false positives and false negatives which is greater than some positive proportion of the total number of primes less than 2 n (i.e. the total number of false positives and false negatives combined must exceed c2 n /n for some absolute constant c > 0). This is true even if the bits read are chosen adaptively by the tester.
The arguments also work if 2 were replaced by another base. For instance, to show that every last digit base 10 must be read in order to determine whether a number is prime, it would suffice to establish the existence of primes m between 10 n−1 and 10 n such that m + j10 i is not prime for any non-zero integer −9 ≤ j ≤ 9 and any 0 ≤ i < n − 1. One can then repeat the above arguments with only minor changes (for instance, one now partitions P into 18 classes rather than 2, and so one needs to exclude a few more Sophie Germain-type classes of primes to ensure that (say) q p > 20p). We leave the details to the interested reader.
Using the circle method and bounds on prime exponential sums, there are several further results known relating primes to binary digits, or to powers of 2. For instance, in [3] the distribution of a bounded number of fixed digits of a large prime was studied. In [5] it was shown that the binary digit sum of a large prime was equally likely to be even as it was to be odd. In a slightly different direction, it was shown in [4] that all sufficiently large even numbers are the sum of two primes, together with at most 13 powers of two.
Appendix A. Some sieve theory
We recall the following standard application of the Selberg sieve to twin prime type problems:
Theorem A.1. Suppose that y ≥ 4, and let P := p< √ y p. Let B(p) be the union of b(p) arithmetic progressions with common difference p, and put B := p|P B(p). If b(2) ≤ 1 and b(p) ≤ 2 for p > 2, then the number of integers 0 ≤ r ≤ y such that r ∈ B is
Proof See [6, Theorem 3.13]. As shown in that reference, one can in fact replace the implied constant with 8 + O( log log y log y ), but we will not need this improvement here.
We now record the two corollaries of this result that we need here. Proof Observe that in order for a number 0 ≤ r ≤ y to be a Sophie Germain prime, it must be odd, and also avoid two residue classes modulo p for every odd prime p < √ y. Applying Theorem A.1 (and recalling that p (1 − 
Proof We may assume that b and b + h are both coprime to W , otherwise the number of m for which m, m + h are both prime is O(1) and the claim is trivial. Write m = W r + b and y := x/W , thus 0 ≤ r ≤ y. We can restrict attention to the case r > √ y, since the case r ≤ √ y only contributes O( √ y) elements which is acceptable. If p ≤ √ y is a prime, then the constraints that m and m + h both be prime force W r + b and W r + b + h to both be coprime to p. If p|W , then this condition is vacuous; if p|h and p/ |W , then this excludes one residue class modulo p from the space of possible r's; and if p/ |h and p/ |W then this excludes two residue classes modulo p from the space of possible r's. The claim now follows from Theorem A.1 (note that log x is comparable to log y for x large enough, and that p (1 − 
